The general sum-connectivity index of a graph G is χ α (G) =
Introduction
Let G be a simple graph having vertex set V (G) and edge set E(G). For a vertex u ∈ V (G), N (u) denotes the set of its neighbors in G; its degree is d(u) = |N (u)|.
The minimum degree of G is denoted δ(G) and the complement of G is G. For A ⊂ V (G), G − A denotes the graph deduced from G by deleting the vertices of A and all edges incident with them and the graph obtained by the deletion of an edge uv ∈ E(G) is denoted G − uv. For A = {x}, the graph G − A is also denoted G − x. If e = uv ∈ E(G), then G|e is the graph resulting by the contraction of e.
It is deduced from G − {u, v} by adding a new vertex w adjacent to all vertices in
For two vertex-disjoint graphs G and H, the join G + H is obtained by joining by edges each vertex of G to all vertices of H. For other notations in graph theory, we refer [1] .
The sum-connectivity index of graphs was proposed by Zhou and Trinajstić [9] and then extended to the general sum-connectivity index by the same authors [10] .
It is denoted by χ α (G) and defined as
where α is a real number. The sum-connectivity index is χ −1/2 (G) and it correlates well with the π -electronic energy of benzenoid hydrocarbons [5] . A particular case of the general sum-connectivity index is the harmonic index, denoted by H(G) and defined as
unicyclic graphs of given girth k ≥ 4. The maximum value of χ α (T ) for n-vertex trees and the corresponding extremal trees for α < −4.3586... were determined in [4] .
In this paper, we study the minimum χ α (G) in the class of graphs G of order n ≥ 3 and minimum degree δ(G) In section 2 we prove some inequalities which will be used in the last section. In section 3 we determine the graph G of order n ≥ 3 with δ(G) ≥ 2 having minimum
The same problem is also solved for triangle-free graphs G of order n ≥ 4 with δ(G) ≥ 2 for −1 ≤ α < β 0 .
Some parametric inequalities
In this paper we shall use two functions, f (x) = 2(x − 2)(x + 1) α + 2 α (x − 1) α and g(x) = 2(x − 2)x α , defined for x ≥ 3. Two constants, α 0 and β 0 are defined as follows: α 0 ≈ −0.867 is the unique root of the equation 4(4 x − 5 x ) = 6 x and β 0 ≈ −0.817 is the unique root of 5 · 4
Lemma 2.1. For any fixed k ∈ N and α < 0 we have
Proof. We have
By the hypothesis one can write:
. This inequality holds since x ≥ 3 implies
The following inequalities may be deduced in a straightforward way:
Lemma 2.3. a) For every −1 ≤ α < 0 and x > 1 we have
equality holding for α = −1.
equality holds) and for 0 < α < 1 or α > 2 we get (1 + x)
for x ≥ 3 is strictly decreasing for every −1 ≤ α < β 0 .
Proof. One obtains 
< 0 since for −1 ≤ α < β 0 we have 2α 2 + 3α + 1 ≤ 0, −4α 2 − 2α + 1 < 0 and also
for every n ≥ 4.
Proof. For n = 4 (1) becomes 4 α+1 − 4 · 5 α − 6 α > 0 and this inequality holds since
. Since lim x→∞ ϕ(x) = 0 and ϕ(2) > 0, in order to prove (1) it is sufficient to show that: A. ϕ(x) is concave for 2 ≤ x ≤ 9, or ϕ (x) < 0 in this interval, and B.
and by Lemma 2.3 we get
The last expression is decreasing in x > 0; it follows that for x ≤ 9 we have
By standard methods we get that the minimum of E(9, α) for −1 ≤ α < α 0 is reached for α = −1, thus implying η(x) ≥ E(9, −1) ≈ 0.05 > 0. Consequently,
Note that we also have ϕ(9) > 0 since lim x→∞ ϕ(x) = 0 and ϕ(x) is strictly decreasing for x ≥ 9, hence ϕ(x) > 0 for 2 ≤ x ≤ 9.
B. We can write ϕ (x)/2 = (x+3) α−1 t(x), where t(x) = ((α+1)x+2) 1 +
The functions
2 being decreasing, we infer that for x ≥ 9 we have F (x, α) < −1 + (9α 0 + 11) 
for every n ≥ 6.
Proof. For n = 6 (2) becomes
If 6 · 4 α > 9 · 7 α , then (3) is true since 7 α > 10 α . The inequality 6 · 4 α > 9 · 7 α is equivalent to α < ln 3/2 ln 4/7 ≈ −0.7245 and this inequality holds because α < α 0 . By Lemma 2.2 f (x) being concave, the difference f (n − 3) − f (n) is increasing, thus implying that (2) holds for every n ≥ 6.
Lemma 2.7. For every n ≥ 6 the following inequality holds:
is strictly decreasing for n ≥ 5 and it has limit 0 as n tends to infinity. It follows that (n + 1)
We shall prove that
for every n ≥ 6. For this it is sufficient to show that (5) holds for n = 6, or
≈ −0.855, which is true, and 6 α > 10 α .
Lemma 2.8. If −1 ≤ α < α 0 the following inequality
holds for every n ≥ 5.
Proof. The function ξ(x) = x(x + 2) α being concave for x ≥ 0, it follows that the
is also concave, hence f (n − 2) − f (n) is increasing. In order to prove (6) we shall verify it for: A. 5 ≤ n ≤ 7 and B. For n = 8 we will show that
A. For n = 5, (6) yields 2 For n = 6 we obtain 4
For n = 7, (6) becomes 4 α + 2 · 6 α > 3 · 8 α + 12 α . We have 4 α > 1.8 · 8 α and
B. For n = 8 (7) yields 8 · 7 α + 10 α + 4 α > 12 · 9 α + 14 α . As above we deduce 4 α > 2 · 9 α , 7 α > 1.24 · 9 α and 10 α ≥ 0.9 · 9 α , hence 8 · 7 α + 10 α + 4 α − 12 · 9 α > 0.82 · 9 α > 14 α , since the last inequality is equivalent to α < − ln 0.82 ln 9/14 ≈ −0.449.
Lemma 2.9. We have
for every −1 ≤ α < α 0 and x ≥ 0.
Proof. The left side of (8) is (x + 3) α−1 E(x, α), where
We can write 1 + 1 x+2
by Lemma 2.3. By direct calculation one deduces that E(x, α) < 2α 2 +3α +1+
0 since all coefficients are negative or zero for −1 ≤ α < α 0 .
Lemma 2.10. Let g(x) = 2(x − 2)x α , where x ≥ 4 and −1 ≤ α < β 0 ≈ −0.817.
Then g(n − 1) + 4 α > g(n) for every n ∈ N, n ≥ 5.
Proof. We have g (x)/2 = αx α−2 (x(α + 1) + 2(1 − α)) < 0. It follows that g(x) is concave, which implies that g(n − 1) − g(n) is increasing for n ≥ 5. It is sufficient to show that g(4) + 4 α > g(5), or 5 · 4 α > 6 · 5 α , which is equivalent to α < β 0 .
Lemma 2.11. For every n ≥ 6 and −1 ≤ α < β 0 we have
Proof. By the previous lemma g(n − 3) + 2 · 4 α > g(n − 1). We shall prove that
(g(n) + g(n − 2)). This is Jensen' s inequality for strictly concave function g(x) and points n − 2, n − 1, n.
Lemma 2.12. For every n ∈ N, n ≥ 8 and −1 ≤ α < β 0 the following inequality holds:
Proof. By Lemma 2.4 the function ϕ(n) = (n − 1)
strictly decreasing for n ≥ 8. Since lim n→∞ ϕ(n) = 0 we deduce that ϕ(n) > 0 for any n ≥ 8. We shall prove that
for n ≥ 8. Since g(n − 4) − g(n) is increasing, in order to prove (10) it is sufficient to show that it holds for n = 8, i.e., g(4)−g(8)
We get 4 α > 1.76 · 8 α , since this is equivalent to α < ln 1.76 ln 1/2 ≈ −0.8155. Similarly,
Main Results
Lemma 3.1. Let uv be an edge of a graph G such that 
; a similar situation occurs for the second sum.
Equality holds if and only if
Proof. For n = 3 there is a unique graph G with δ(G) ≥ 2, it is K 3 . We have
For n = 4 there exist two graphs, C 4 and
One gets χ α (C 4 ) = 4 α+1 > χ α (K 2 + K 2 ) = 4 · 5 α + 6 α because α < α 0 . We also have
The proof is by induction on n. Let n ≥ 5. Suppose the property is true for all graphs G of order at most n − 1 with δ(G) ≥ 2. Let G be a graph of order n with δ(G) ≥ 2 such that χ α (G) is minimum. By Lemma 3.1 it follows that δ(G) = 2.
Denote by
The function (x + 2) α + (y + 2) α − (x + y) α is decreasing in both x and y for α < 0.
by the induction hypothesis. By Lemma 2.5, 2(n − 2)n α > f (n), which contradicts the hypothesis. Consequently, uv ∈ E(G). We shall prove that
Suppose that this property does not hold.
We shall consider the following subcases:
A. In this case n ≥ 6. The graph G = G − {x, u, v} has δ(G ) ≥ 2. By the 
α being increasing for x ≥ 2 and
Applying induction hypothesis we deduce
by Lemma 2.7, a contradiction.
as above.
The function ξ(x) = x(x + 2) α is concave for −1 ≤ α < 0 and x > 0. It follows that
Finally, by the induction hypothesis we get
which is true by Lemma 2.8, a contradiction.
where We have deduced that
We shall prove that the symmetric function E(x, y) is minimum if and only if x = y = n − 1. By fixing y = k ≥ 3, E(x, y) = ρ(x) + C, where C > 0 is a constant and
We have ρ (x) = (x + 2)
It is necessary to show that ρ (x) < 0 for any 3 ≤ k ≤ n − 1.
to show that ρ (x) < 0 for k = 3. This inequality is (8), which is true by Lemma 2.9. By the induction hypothesis χ α (G ) ≥ f (n − 1) with equality if and only if
The equality holds if and only if Theorem 3.3. Let −1 ≤ α < β 0 and G be a triangle-free graph of order n ≥ 4 with
)n α and equality is reached if and only if
Proof. For n ≥ 4 we have χ α (K 2,n−2 ) = g(n). For n = 4 the unique triangle-free graph G with δ(G) ≥ 2 is the cycle C 4 = K 2,2 . For n = 5 there exist two graphs, C 5
and
The proof is by induction on n. Let n ≥ 6 and suppose the property is valid for A. In this case we distinguish the subcases A1. N (u) ∩ N (v) = {x} and
In the case A1 by the contraction of ux (or vx) we deduce a graph G|ux in the same class and
by Lemma 2.10, a contradiction.
In the case A2 we shall consider the following subcases: A2. 
We also get d ≤ n − 4 and n ≥ 8.
and equality holds only for d(z i ) = 2 for 1 ≤ i ≤ d − 1. By the induction hypothesis,
As above, by Lemma 2.4 we deduce that
By Lemma 2.12 we get χ α (G) > g(n), a contradiction.
A2.3. In this case
we obtain
and we have seen that
by Lemma 2.11, a contradiction. C. In this case
where F (x, y) = x(x + 2) α − (x − 1)(x + 1) α + y(y + 2) α − (y − 1)(y + 1) α .
We have seen that ξ(x) = x(x + 2) α is concave, hence ξ(x) − ξ(x − 1) is decreasing.
This implies x(x+2) α −(x−1)(x+1) α ≥ (n−2)n α −(n−3)(n−1) α with equality only for x = n−2. Similarly, ξ(y)−ξ(y−1) ≥ (n−2)n α −(n−3)(n−1) α and equality holds if and only if y = n−2. One deduces χ α (G) ≥ g(n−1)+2(n−2)n α −2(n−3)(n−1) α = g(n). We have equality only for G − x = K 2,n−3 , d(u) = d(v) = n − 2 and all vertices adjacent to u and v have degree equal to two, i.e., G = K 2,n−2 .
Since all 2-connected graphs G have δ(G) ≥ 2 and both K 2 + K n−2 and K 2,n−2 are 2-connected, we deduce the following corollaries.
Corollary 3.4. If G is a 2-connected graph of order n ≥ 3 and −1 ≤ α < α 0 , then χ α (G) ≥ f (n). The extremal graph is K 2 + K n−2 .
Corollary 3.5. Let G be a triangle-free 2-connected graph of order n ≥ 4 and −1 ≤ α < β 0 . We have χ α (G) ≥ g(n) and equality holds if and only if G = K 2,n−2 .
Since H(G) = 2χ −1 (G), the results also hold for the harmonic index (see [2] ). We propose the following conjecture:
Conjecture 3.6. Let n, k ∈ N, n ≥ 4, k ≤ n/2 and −1 ≤ α < β 0 . Then for any triangle-free graph of order n with δ(G) ≥ k ≥ 2 we have χ α (G) ≥ k(n − k)n α with equality if and only if G = K k,n−k .
This property is true for α = −1 [2] and for k = 2 and −1 ≤ α < β 0 by Theorem 3.3. If the conjecture is true, then the property also holds for k-connected graphs.
Notice that in [8] it was shown that if G is a 2-(connected or edge-connected) graph with n ≥ 3 vertices, then for α > 0 χ α (G) is minimum if and only if G ∼ = C n .
